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Arbitrary-oriented Beam Element

Chapter 3: Bar Element, By Maryam Mahnama, PhD٢

𝑓

𝑚

𝑓

𝑚

=
𝐸𝐼

𝐿

12
6𝐿

−12
  

6𝐿

6𝐿
4𝐿
−6𝐿

  

2𝐿

−12
−6𝐿
12

  

−6𝐿

6𝐿
2𝐿
−6𝐿

  

4𝐿

𝑑

𝜙

𝑑

𝜙

𝑥

𝑦

1 2

𝑚 , 𝜙 𝑚 , 𝜙

𝑓 , 𝑑 𝑓 , 𝑑

𝐿

𝑑

𝑑
=

𝐶 𝑆
−𝑆 𝐶

𝑑
𝑑

𝐶 ≡ cos 𝜃, 𝑆 ≡ sin 𝜃

Transformation (rotation) Matrix 

Equations for Beam Element in Local Coordinate

𝑥

𝑦,  𝑣

𝑥

𝑦

𝐿

𝟏

𝟐

𝑓 , 𝑑

𝑓 , 𝑑

𝑚 , 𝜙

𝑚 , 𝜙

𝜃



٢۵/٠٣/١۴۴٢

٢

Arbitrary-oriented Beam Element

Chapter 3: Bar Element, By Maryam Mahnama, PhD٣

𝑥

𝑦,  𝑣

𝑥

𝑦

𝐿

𝟏

𝟐

𝑓 , 𝑑

𝑓 , 𝑑

𝑚 , 𝜙

𝑚 , 𝜙

𝜃

𝑑

𝜙

𝑑

𝜙

=

−𝑆 𝐶
0
0
0

0
0
0

     0 0
     1
    0
   0

0
−𝑆
0

     0 0
     0
    𝐶
   0

0
0
1

𝑑
𝑑

𝜙
𝑑
𝑑

𝜙[𝑇]: Transformation matrix

𝒌 = 𝑻𝑻𝒌𝑻

𝐾 =
𝐸𝐼

𝐿

12𝑆 −12𝐶𝑆
−12𝐶𝑆 12𝐶

−6𝐿𝑆 −12𝑆
6𝐿𝐶 12𝐶𝑆

−12𝐶𝑆 −6𝐿𝑆
−12𝐶 6𝐿𝐶

−6𝐿𝑆 6𝐿𝐶
−12𝑆 12𝐶𝑆

4𝐿 6𝐿𝑆
6𝐿𝑆 12𝑆

−6𝐿𝐶 2𝐿
−12𝐶𝑆 6𝐿𝑆

−12𝐶𝑆 −12𝐶
−6𝐿𝑆 6𝐿𝐶

−6𝐿𝐶 −12𝐶𝑆
2𝐿 6𝐿𝑆

12𝐶 −6𝐿𝐶
−6𝐿𝐶 4𝐿

𝑑              𝑑              𝜙             𝑑            𝑑           𝜙

Adding Axial Effect to the Beam Element
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Stiffness Matrix for Frame Element
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Rigid Plane Frame

• Definition: A series of beam elements rigidly connected to each other 

Chapter 3: Bar Element, By Maryam Mahnama, PhD۶

The original angles made between elements at their 
joints remain unchanged after the deformation due 
to applied loads or applied displacements

Moments are transmitted from one element to 
another at the joints. Hence, moment continuity 
exists at the rigid joints .

The element centroids, as well as the applied loads, 
lie in a common plane ( for example x-y plane). 
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Rigid Plane Frame Example

• Solve for the nodal displacements 
and nodal forces
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Rigid Plane Frame Example
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Rigid Plane Frame Example

• B.C.s are:

𝑑 = 𝑑 = 𝜙 = 𝑑 = 𝑑 = 𝜙 = 0
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Rigid Plane Frame Example

• In order to comment on the stress, we 
need to have local forces:

• {𝑑} = 𝑇 {𝑑} ⇒  {𝑓} = 𝑘 [𝑇]{𝑑}

• For element #1:
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Rigid Plane Frame Example
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Rigid Plane Frame Example
• Equilibrium at each element

• ∑ 𝐹 = 0

• ∑ 𝐹 = 0

• ∑ 𝑀 = 0

• Equilibrium at each node
• ∑ 𝑓 = 𝐹

• ∑ 𝑓 = 𝐹

• ∑ 𝑚 = 𝑀
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Summary

• Frame element is a combination of Bar and Beam elements.
• Stiffness Matrix of Frame Element can be obtained by superposition 

of that of Bar and Beam element.
• Rigid plane frame is a series of frame elements connected to each 

other rigidly.
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Review of the examples in Chapter 5 
of course book

Review of the examples in Chapter 5 
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