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Contents of this lecture

• Derivation of Potential energy expression in beam element
• Minimization of Potential Energy to get element equations
• Derivation of Stiffness Matrix by MPE approach 
• Introduction of D.E. of Beam into Galerkin’s Method
• Derivation of Stiffness Matrix by Galerkin’s approach 
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Minimum Potential Energy to Derive Beam 
Element Equations in Local Coordinates

Step 4: Derive the Element Stiffness Matrix and Equations 
• Direct Approach
• Minimum Potential Energy
• Galerkin’s Method

𝜋 = 𝑈 + Ω 

internal strain energy

The work done by the
internal forces through 
deformations. 
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Work of External Forces

The work performed by 
the external forces during 
deformations. 

Derivation of Potential Energy in Beam 
Element
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For a linear Elastic Material

𝑥

𝑦 𝑋 : Surface Force

𝑢 : Surface Displacement

𝑓 , 𝑚 : Nodal Force

𝑑 ,𝜙 : Nodal Displacement

Ω = − 𝑓 𝑑 − 𝑚 𝜙 − 𝑋 𝑢  𝑑𝑆 − 𝑋 𝑢 𝑑𝑉

𝑋 : Body Force

𝑢: Displacement at each point in volume

𝑑𝐴𝑑𝑥

𝑑𝐴𝑑𝑥𝑏𝑑𝑥
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Derivation of Potential Energy in Beam 
Element

Chapter 3: Bar Element, By Maryam Mahnama, PhD۵

𝜋 =
1

2
𝜎 𝜖 𝑑𝐴𝑑𝑥 − 𝑓 𝑑 − 𝑚 𝜙 − 𝑇 𝑢 𝑑𝑥

𝑥

𝑦 𝑇 : Surface Force
𝑢: Surface Displacement

𝑚 , 𝜙

𝑓 , 𝑑 𝑚 , 𝜙

𝑓 , 𝑑

𝑚 , 𝜙

𝑓 , 𝑑

𝜖 𝑥, 𝑦 = −𝑦
𝑑 𝑣

𝑑𝑥

𝜖 = −𝑦
12𝑥 − 6𝐿

𝐿

6𝑥𝐿 − 4𝐿

𝐿

−12𝑥 + 6𝐿

𝐿
     

6𝑥𝐿 − 4𝐿

𝐿
𝑑

[𝐵]{𝜖 } = −𝑦[𝐵] 𝑑 {𝜎 } = −𝑦[𝐷][𝐵] 𝑑

𝐸 (Young’s modulus)

Minimization of Potential Energy of 
Beam Element
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𝑦 𝐷 𝐵 𝑑 𝐵 𝑑 𝑑𝑥 𝑑𝐴 − 𝑑 𝑃 − {𝑑} [𝑁] 𝑇 𝑏𝑑𝑥

𝜋 =
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{𝜎 } {𝜖 }𝑑𝑥 𝑑𝐴 − 𝑑 𝑃 − {𝑢} 𝑇 𝑏𝑑𝑥

𝑦 𝑑𝐴 = 𝐼

𝜋 =
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2
𝑑 [𝐵] 𝐵 𝑑 𝑑𝑥 − 𝑑 𝑃 − {𝑑} [𝑁] 𝑇 𝑏𝑑𝑥

𝑑𝜋

𝑑 𝑑
= 𝐸𝐼 [𝐵] 𝐵 𝑑 𝑑𝑥 − 𝑃 − 𝑁 𝑇 𝑏𝑑𝑥 = 0

Minimization of Potential Energy
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Stiffness Matrix by Minimum Potential 
Energy Approach
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𝐸𝐼 𝐵 𝐵 𝑑𝑥 𝑑 = 𝑃 + 𝑁 𝑇 𝑏𝑑𝑥 = {𝑓}
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Local Stiffness Matrix for Beam Element

Galerkin’s Method to Derive Beam 
Element Equations in Local Coordinates

Step 4: Derive the Element Stiffness Matrix and Equations 
• Direct Approach
• Minimum Potential Energy
• Galerkin’s Method
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+ 𝑤 𝑥 = 0

Differential Equation for Beam

𝐸: Young’s modulus
𝐼: moment of inertia
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Galerkin’s Method to Derive Beam 
Element Equations in Local Coordinates
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Galerkin’s Method to Derive Beam 
Element Equations in Local Coordinates
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Galerkin’s Method to Derive Beam 
Element Equations in Local Coordinates
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Local Stiffness Matrix for Beam Element

Summary

• Element Equations obtained by Minimum PE as well as Galerkin’s
Method.

• The details of each method are presented in the lecture.

Further Readings:
Sections 4-7 and 4-8 from “A first course in finite element” 
by Logan
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