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Introduction to 2D Elements

• 1D Elements: only one local coordinate is enough to describe the 
positions in the element. ⇒ Also called Line Elements

• 2D Elements: 
• Two coordinate are required to describe the positions in the element.

• Defined by three or more nodes in a 2D plane. 

• Compatibility at common nodes and edges. 

• How can a physical 3D problem be described in 2D?
• Plane Stress

• Plane Strain

• Axisymmetric 
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Plane stress 

• A state of stress in which the normal stress 
and the shear stresses directed perpendicular 
to the plane are assumed to be zero: 
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𝑥

𝑦

𝑧

𝜎𝑦

𝜎𝑦

𝜎𝑥𝜎𝑥

𝜎𝑧

𝜎𝑧

𝜏𝑥𝑦

𝜏𝑦𝑧

𝜏𝑥𝑧

Component with one 
dimension very smaller 

than two others

𝑥

𝑦

𝑧

Free surfaces

𝜖𝑥 =
1

𝐸
𝜎𝑥 − 𝜈 𝜎𝑦 + 𝜎𝑧

𝜖𝑦 =
1

𝐸
𝜎𝑦 − 𝜈 𝜎𝑥 + 𝜎𝑧

𝜖𝑧 =
1

𝐸
𝜎𝑧 − 𝜈 𝜎𝑥 + 𝜎𝑦

𝛾𝑥𝑦 =
𝜏𝑥𝑦

𝐺

𝛾𝑥𝑧 =
𝜏𝑥𝑧
𝐺

𝛾𝑦𝑧 =
𝜏𝑦𝑧

𝐺

0

0

0

0

0

𝜖𝑥 =
1

𝐸
𝜎𝑥 − 𝜈𝜎𝑦

𝜖𝑦 =
1

𝐸
𝜎𝑦 − 𝜈𝜎𝑥

𝜖𝑧 = −
𝜈

𝐸
𝜎𝑥 + 𝜎𝑦

𝛾𝑥𝑦 =
𝜏𝑥𝑦

𝐺
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Plane Strain

• A state of strain in which the strain normal to the x-y plane
𝜖𝑧 and the shear strains 𝛾𝑥𝑧 and 𝛾𝑦𝑧 are assumed to be zero. 
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𝑥

𝑦

𝑧

𝜎𝑥 =
𝐸

1 + 𝜈 1 − 2𝜈
1 − 𝜈 𝜖𝑥 + 𝜈𝜖𝑦 + 𝜈𝜖𝑧

𝜎𝑦 =
𝐸

1 + 𝜈 1 − 2𝜈
𝜈𝜖𝑥 + 1 − 𝜈 𝜖𝑦 + 𝜈𝜖𝑧

𝜎𝑧 =
𝐸

1 + 𝜈 1 − 2𝜈
𝜈𝜖𝑥 + 𝜈𝜖𝑦 + 1 − 𝜈 𝜖𝑧

𝛾𝑥𝑦 =
𝜏𝑥𝑦

𝐺

𝛾𝑥𝑧 =
𝜏𝑥𝑧
𝐺

𝛾𝑦𝑧 =
𝜏𝑦𝑧

𝐺

0

0

0

0

0

𝜎𝑥 =
𝐸

1 + 𝜈 1 − 2𝜈
1 − 𝜈 𝜖𝑥 + 𝜈𝜖𝑦

𝜎𝑦 =
𝐸

1 + 𝜈 1 − 2𝜈
𝜈𝜖𝑥 + 1 − 𝜈 𝜖𝑦

𝜎𝑧 =
𝐸

1 + 𝜈 1 − 2𝜈
𝜈𝜖𝑥 + 𝜈𝜖𝑦

𝛾𝑥𝑦 =
𝜏𝑥𝑦

𝐺

Component with one dimension 
very smaller than two others

Plane Stress vs. Plane Strain
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𝜖𝑥 =
1

𝐸
𝜎𝑥 − 𝜈𝜎𝑦

𝜖𝑦 =
1

𝐸
𝜎𝑦 − 𝜈𝜎𝑥

𝜖𝑧 = −
𝜈

𝐸
𝜎𝑥 + 𝜎𝑦

𝛾𝑥𝑦 =
𝜏𝑥𝑦

𝐺

Plane Stress:

Plane Strain:

𝜎𝑥 =
𝐸

1 + 𝜈 1 − 2𝜈
1 − 𝜈 𝜖𝑥 + 𝜈𝜖𝑦

𝜎𝑦 =
𝐸

1 + 𝜈 1 − 2𝜈
𝜈𝜖𝑥 + 1 − 𝜈 𝜖𝑦

𝜎𝑧 =
𝐸

1 + 𝜈 1 − 2𝜈
𝜈𝜖𝑥 + 𝜈𝜖𝑦

𝜏𝑥𝑦 = 𝐺 𝛾𝑥𝑦

𝜎𝑥
𝜎𝑦
𝜏𝑥𝑦

𝜖𝑥
𝜖𝑦
𝛾𝑥𝑦

𝜎𝑥 =
𝐸

1 − 𝜈2
𝜈𝜖𝑥 + 𝜖𝑦

𝜎𝑦 =
𝐸

1 − 𝜈2
𝜖𝑥 + 𝜈𝜖𝑦

𝜏𝑥𝑦 =
𝐸

2 1 + 𝜈
𝛾𝑥𝑦

𝜎𝑥
𝜎𝑦
𝜏𝑥𝑦
=
𝐸

1 − 𝜈2

𝜈 1 0
1 𝜈 0

0 0
1 − 𝜈

2

𝜖𝑥
𝜖𝑦
𝛾𝑥𝑦

𝜎𝑥
𝜎𝑦
𝜏𝑥𝑦
=

𝐸

(1 + 𝜈)(1 − 2𝜈)

1 − 𝜈 𝜈 0
𝜈 1 − 𝜈 0

0 0
1 − 2𝜈

2

𝜖𝑥
𝜖𝑦
𝛾𝑥𝑦

[D] for Plane stress 

[D] for Plane strain 
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Derivation of Constant-Strain Triangular 
Element Stiffness Matrix
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𝑥

𝑦

𝑧

Component with one 
dimension very smaller 

than two others

𝑥

𝑦

Plane Stress Assumption

Constant-Strain Triangular Element
(in Plane Stress case) 

Derivation of Constant-Strain Triangular 
Element Stiffness Matrix (Step1)

• Step 1: Element Type

The simplest shape in 2D is a triangle

No of nodes: 3 

In 2D we have two components for displacement:
• Displacement along 𝑥: 𝑢(𝑥, 𝑦)

• Displacement along 𝑦: 𝑣(𝑥, 𝑦)

2 DOFs per node 

⇒ 6 DOFs in Element:
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𝑥

𝑦

𝑖: (𝑥𝑖 , 𝑦𝑖)

𝑗: (𝑥𝑗 , 𝑦𝑗)

𝑚: (𝑥𝑚, 𝑦𝑚)

𝑢𝑖

𝑣𝑖 𝑢𝑗

𝑣𝑗

𝑢𝑚

𝑣𝑚

Labeling of the nodes should obey a 
specific standard: Labeling is always 
done in counter-clockwise direction

𝑑 =

𝑢𝑖
𝑣𝑖
𝑢𝑗
𝑣𝑗
𝑢𝑚
𝑣𝑚
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Derivation of Constant-Strain Triangular 
Element Stiffness Matrix (Step2)

• Step 2: Select Displacement Functions

we have two components for displacement:
• Displacement along 𝑥: 𝑢(𝑥, 𝑦)

• Displacement along 𝑦: 𝑣(𝑥, 𝑦)
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𝑥

𝑦

𝑖: (𝑥𝑖 , 𝑦𝑖)

𝑗: (𝑥𝑗 , 𝑦𝑗)

𝑚: (𝑥𝑚, 𝑦𝑚)

𝑢𝑖

𝑣𝑖 𝑢𝑗

𝑣𝑗

𝑢𝑚

𝑣𝑚

3 B.Cs

3 B.Cs

𝑢 𝑥,𝑦 = 𝑎1 + 𝑎2𝑥 + 𝑎3𝑦𝑢 𝑥,𝑦 = 𝑎1 + 𝑎2𝑥 + 𝑎3𝑦

𝑣 𝑥,𝑦 = 𝑎4 + 𝑎5𝑥 + 𝑎6𝑦𝑣 𝑥,𝑦 = 𝑎4 + 𝑎5𝑥 + 𝑎6𝑦

𝜓 =
𝑢 𝑥, 𝑦

𝑣 𝑥, 𝑦
=
𝑎1 + 𝑎2𝑥 + 𝑎3𝑦
𝑎4 + 𝑎5𝑥 + 𝑎6 𝑦

=
1 𝑥
0 0
𝑦 0
0 1

0 0
𝑥 𝑦

𝑎1
𝑎2
𝑎3
𝑎4
𝑎5
𝑎6

Derivation of Constant-Strain Triangular 
Element Stiffness Matrix (Step2)

• Boundary Conditions are
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𝑢𝑖
𝑢𝑗
𝑢𝑚
=

1 𝑥𝑖 𝑦𝑖
1 𝑥𝑗 𝑦𝑗
1 𝑥𝑚 𝑦𝑚

𝑎1
𝑎2
𝑎3

𝑣𝑖
𝑣𝑗
𝑣𝑚
=

1 𝑥𝑖 𝑦𝑖
1 𝑥𝑗 𝑦𝑗
1 𝑥𝑚 𝑦𝑚

𝑎4
𝑎5
𝑎6

𝑥

𝑦

𝑖: (𝑥𝑖 , 𝑦𝑖)

𝑗: (𝑥𝑗 , 𝑦𝑗)

𝑚: (𝑥𝑚, 𝑦𝑚)

𝑢𝑖

𝑣𝑖 𝑢𝑗

𝑣𝑗

𝑢𝑚

𝑣𝑚

[𝑥] {𝑎}{𝑢} ⇒ 𝑢 = 𝑥 {𝑎}

⇒ 𝑎 = 𝑥 −1{𝑢}

𝑥 −1 =
1

2𝐴

𝛼𝑖 𝛽𝑖 𝛾𝑖
𝛼𝑗 𝛽𝑗 𝛾𝑗
𝛼𝑚 𝛽𝑚 𝛾𝑚

𝛼𝑖 = 𝑥𝑗𝑦𝑚 − 𝑥𝑚𝑦𝑗
𝛼𝑗 = 𝑥𝑚𝑦𝑖 − 𝑥𝑖𝑦𝑚
𝛼𝑚 = 𝑥𝑖𝑦𝑗 − 𝑥𝑗𝑦𝑖

𝛽𝑖 = 𝑦𝑗 − 𝑦𝑚
𝛽𝑗 = 𝑦𝑚 − 𝑦𝑖
𝛽𝑚 = 𝑦𝑖 − 𝑦𝑗

2𝐴 =

𝛼𝑖 𝛽𝑖 𝛾𝑖
𝛼𝑗 𝛽𝑗 𝛾𝑗
𝛼𝑚 𝛽𝑚 𝛾𝑚

𝛾𝑖 = 𝑥𝑚 − 𝑥𝑗
𝛾𝑗 = 𝑥𝑖 − 𝑥𝑚
𝛾𝑚 = 𝑥𝑗 − 𝑥𝑖

𝑖

𝑗 𝑚
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Derivation of Constant-Strain Triangular 
Element Stiffness Matrix (Step2)

• Boundary Conditions are
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𝑢𝑖
𝑢𝑗
𝑢𝑚
=

1 𝑥𝑖 𝑦𝑖
1 𝑥𝑗 𝑦𝑗
1 𝑥𝑚 𝑦𝑚

𝑎1
𝑎2
𝑎3

𝑣𝑖
𝑣𝑗
𝑣𝑚
=

1 𝑥𝑖 𝑦𝑖
1 𝑥𝑗 𝑦𝑗
1 𝑥𝑚 𝑦𝑚

𝑎4
𝑎5
𝑎6

𝑥

𝑦

𝑖: (𝑥𝑖 , 𝑦𝑖)

𝑗: (𝑥𝑗 , 𝑦𝑗)

𝑚: (𝑥𝑚, 𝑦𝑚)

𝑢𝑖

𝑣𝑖 𝑢𝑗

𝑣𝑗

𝑢𝑚

𝑣𝑚

𝑎1
𝑎2
𝑎3
=
1

2𝐴

𝛼𝑖 𝛽𝑖 𝛾𝑖
𝛼𝑗 𝛽𝑗 𝛾𝑗
𝛼𝑚 𝛽𝑚 𝛾𝑚

𝑢𝑖
𝑢𝑗
𝑢𝑚

𝑎4
𝑎5
𝑎6
=
1

2𝐴

𝛼𝑖 𝛽𝑖 𝛾𝑖
𝛼𝑗 𝛽𝑗 𝛾𝑗
𝛼𝑚 𝛽𝑚 𝛾𝑚

𝑣𝑖
𝑣𝑗
𝑣𝑚

𝑢 𝑥, 𝑦 = 𝑎1 + 𝑎2𝑥 + 𝑎3𝑦 = 1 𝑥 𝑦

𝑎1
𝑎2
𝑎3
= 1 𝑥 𝑦

1

2𝐴

𝛼𝑖 𝛽𝑖 𝛾𝑖
𝛼𝑗 𝛽𝑗 𝛾𝑗
𝛼𝑚 𝛽𝑚 𝛾𝑚

𝑢𝑖
𝑢𝑗
𝑢𝑚

Shape Functions

Derivation of Constant-Strain Triangular 
Element Stiffness Matrix (Step2)
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𝑥

𝑦

𝑖: (𝑥𝑖 , 𝑦𝑖)

𝑗: (𝑥𝑗 , 𝑦𝑗)

𝑚: (𝑥𝑚, 𝑦𝑚)

𝑢𝑖

𝑣𝑖 𝑢𝑗

𝑣𝑗

𝑢𝑚

𝑣𝑚

𝑢 𝑥, 𝑦

=
1

2𝐴
𝛼𝑖 + 𝛽𝑖𝑥 + 𝛾𝑖𝑦 𝑢𝑖

+
1

2𝐴
𝛼𝑗 + 𝛽𝑗𝑥 + 𝛾𝑗𝑦 𝑢𝑗

+
1

2𝐴
𝛼𝑚 + 𝛽𝑚𝑥 + 𝛾𝑚𝑦 𝑢𝑚

𝑁𝑖(𝑥, 𝑦)

𝑁𝑗(𝑥, 𝑦)

𝑁𝑚(𝑥, 𝑦)

𝑣 𝑥, 𝑦

=
1

2𝐴
𝛼𝑖 + 𝛽𝑖𝑥 + 𝛾𝑖𝑦 𝑣𝑖

+
1

2𝐴
𝛼𝑗 + 𝛽𝑗𝑥 + 𝛾𝑗𝑦 𝑣𝑗

+
1

2𝐴
𝛼𝑚 + 𝛽𝑚𝑥 + 𝛾𝑚𝑦 𝑣𝑚

𝑁𝑖(𝑥, 𝑦)

𝑁𝑗(𝑥, 𝑦)

𝑁𝑚(𝑥, 𝑦)

𝜓 =
𝑢 𝑥, 𝑦

𝑣 𝑥, 𝑦
=
Ni 0
0 Ni

Nj 0

0 N𝑗

Nm 0
0 Nm

𝑢𝑖
𝑣𝑖
𝑢j
𝑣j
𝑢m
𝑣m

𝑥

𝑦

𝑁𝑖

𝑁𝑖 𝑥𝑖 , 𝑦𝑖 = 1

𝑁𝑖 𝑥𝑗 , 𝑦𝑗 = 0

𝑁𝑖 𝑥𝑚, 𝑦𝑚 = 0

[N]: Shape Functions Matrix
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Derivation of Constant-Strain Triangular 
Element Stiffness Matrix (Step2)
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𝑁𝑖 𝑥, 𝑦 =
1

2𝐴
𝛼𝑖 + 𝛽𝑖𝑥 + 𝛾𝑖𝑦

𝑁𝑗 𝑥, 𝑦 =
1

2𝐴
𝛼𝑗 + 𝛽𝑗𝑥 + 𝛾𝑗𝑦

𝑁𝑚 𝑥, 𝑦 =
1

2𝐴
𝛼𝑚 + 𝛽𝑚𝑥 + 𝛾𝑚𝑦

𝑁𝑖 + 𝑁𝑗 + 𝑁𝑚 =
1

2𝐴
𝛼𝑖 + 𝛼𝑗 + 𝛼𝑚 + 𝛽𝑖 + 𝛽𝑗 + 𝛽𝑚 𝑥 + 𝛾𝑖 + 𝛾𝑗 + 𝛾𝑚 𝑦

0 0

𝛽𝑖 = 𝑦𝑗 − 𝑦𝑚
𝛽𝑗 = 𝑦𝑚 − 𝑦𝑖
𝛽𝑚 = 𝑦𝑖 − 𝑦𝑗

𝛾𝑖 = 𝑥𝑚 − 𝑥𝑗
𝛾𝑗 = 𝑥𝑖 − 𝑥𝑚
𝛾𝑚 = 𝑥𝑗 − 𝑥𝑖

𝛼𝑖 = 𝑥𝑗𝑦𝑚 − 𝑥𝑚𝑦𝑗
𝛼𝑗 = 𝑥𝑚𝑦𝑖 − 𝑥𝑖𝑦𝑚
𝛼𝑚 = 𝑥𝑖𝑦𝑗 − 𝑥𝑗𝑦𝑖 2𝐴 =

𝛼𝑖 𝛽𝑖 𝛾𝑖
𝛼𝑗 𝛽𝑗 𝛾𝑗
𝛼𝑚 𝛽𝑚 𝛾𝑚

2A

= 1

Rigid-Body Displacement

Rigid-Body Rotation

Related to Completeness 
of Displacement Function

Completeness: Lower-
order terms should not 
be eliminated in favor of 
higher-order terms in 
displacement function.

• Step 3: Define Strain/Displacement and Stress/Strain Relationships 

Derivation of Constant-Strain Triangular 
Element Stiffness Matrix (Step3)
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𝜖 =

𝜖𝑥
𝜖𝑦
𝛾𝑥𝑦
=

𝜕𝑢

𝜕𝑥
𝜕𝑣

𝜕𝑦
𝜕𝑢

𝜕𝑦
+
𝜕𝑣

𝜕𝑥

𝜕𝑢

𝜕𝑥
=
𝜕

𝜕𝑥
(𝑁𝑖𝑢𝑖 + 𝑁𝑗𝑢𝑗 + 𝑁𝑚𝑢𝑚)

𝜕𝑢

𝜕𝑥
=
1

2𝐴
(𝛽𝑖𝑢𝑖 + 𝛽𝑗𝑢𝑗 + 𝛽𝑚𝑢𝑚)

𝜕𝑣

𝜕𝑥
=
𝜕

𝜕𝑥
(𝑁𝑖𝑣𝑖 + 𝑁𝑗𝑣𝑗 + 𝑁𝑚𝑣𝑚)

𝜕𝑣

𝜕𝑥
=
1

2𝐴
(𝛽𝑖𝑣𝑖 + 𝛽𝑗𝑣𝑗 + 𝛽𝑚𝑣𝑚)

𝜕𝑢

𝜕𝑦
=
𝜕

𝜕𝑥
(𝑁𝑖𝑢𝑖 + 𝑁𝑗𝑢𝑗 + 𝑁𝑚𝑢𝑚)

𝜕𝑢

𝜕𝑦
=
1

2𝐴
(𝛾𝑖𝑢𝑖 + 𝛾𝑗𝑢𝑗 + 𝛾𝑚𝑢𝑚)

𝜕𝑣

𝜕𝑦
=
𝜕

𝜕𝑥
(𝑁𝑖𝑣𝑖 + 𝑁𝑗𝑣𝑗 + 𝑁𝑚𝑣𝑚)

𝜕𝑣

𝜕𝑦
=
1

2𝐴
(𝛾𝑖𝑣𝑖 + 𝛾𝑗𝑣𝑗 + 𝛾𝑚𝑣𝑚)

𝜖 =
1

2𝐴

𝛽𝑖 0 𝛽𝑗
0 𝛾𝑖 0
𝛾𝑖 𝛽𝑖 𝛾𝑗

0 𝛽𝑚 0
𝛾𝑗 0 𝛾𝑚
𝛽𝑗 𝛾𝑚 𝛽𝑚

𝑢𝑖
𝑣𝑖
𝑢j
𝑣j
𝑢m
𝑣m[𝐵]

Elements of [B] are constant ⇒ Strain does 
not vary within the element. ⇒ It is called 
Constant-Strain Triangular (CST) Element
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Derivation of Constant-Strain Triangular 
Element Stiffness Matrix (Step3)
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𝜖 = [𝐵𝑖] [𝐵𝑗] [𝐵𝑚]
{𝑑𝑖}
{𝑑𝑗}

{𝑑𝑚}

𝐵𝑖 =
1

2𝐴

𝛽𝑖 0
0 𝛾𝑖
𝛾𝑖 𝛽𝑖

𝐵𝑗 =
1

2𝐴

𝛽𝑗 0

0 𝛾𝑗
𝛾𝑗 𝛽𝑗

𝐵𝑚 =
1

2𝐴

𝛽𝑚 0
0 𝛾𝑚
𝛾𝑚 𝛽𝑚

𝜎 =

𝜎𝑥
𝜎𝑦
𝜏𝑥𝑦
= 𝐷

𝜖𝑥
𝜖𝑦
𝛾𝑥𝑦
= 𝐷 𝐵 {𝜖}

Elements of [B] are constant ⇒ Stress does 
not vary within the CST element. 

Derivation of Constant-Strain Triangular 
Element Stiffness Matrix (Step4)

• Step 4: Derive the Element Stiffness Matrix and Equations 

Minimum Potential Energy Approach

Potential Energy is function of element DOFs:
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𝜋𝑝 ≡ 𝜋𝑝(𝑢𝑖, 𝑣𝑖 , 𝑢𝑗 , 𝑣𝑗 , 𝑢𝑚, 𝑣𝑚)

𝜋𝑝 = 𝑈 + Ω𝑏 + Ω𝑠 +Ω𝑝

𝑈 =
1

2
 

𝑉

𝜖 𝑇 𝜎 𝑑𝑉 Ω𝑏 = − 

𝑉

𝜓 𝑇 𝑋𝑏 𝑑𝑉 Ω𝑠 = − 

𝑆

𝜓𝑠
𝑇 𝑋𝑠 𝑑𝑆

Ω𝑝 = − 𝑑
𝑇{𝑃}

Body Force Surface Force

Nodal Force

[𝑁] 𝑑 [𝑁𝑠] 𝑑[𝐵] 𝑑
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𝜋𝑝 =
1

2
𝑑 𝑇 

𝑉

𝐵 𝑇 𝐷 [𝐵] 𝑑𝑉 𝑑 − 𝑑 𝑇 

𝑉

𝑁 𝑇 𝑋𝑏 𝑑𝑉 − 𝑑
𝑇 

𝑆

𝑁𝑠
𝑇 𝑋𝑠 𝑑𝑆 − 𝑑

𝑇{𝑃}

{𝑓} ≡ 

𝑉

𝑁 𝑇 𝑋𝑏 𝑑𝑉 + 

𝑆

𝑁𝑠
𝑇 𝑋𝑠 𝑑𝑆 + {P}

Definition:

𝜋𝑝 =
1

2
𝑑 𝑇 

𝑉

𝐵 𝑇 𝐷 [𝐵] 𝑑𝑉 𝑑 − 𝑑 𝑇 {𝑓}
𝜕𝜋𝑝

𝜕 𝑑
= 

𝑉

𝐵 𝑇 𝐷 [𝐵] 𝑑𝑉 𝑑 − 𝑓 = 0

 

𝑉

−

𝐵 𝑇 𝐷 [𝐵] 𝑑𝑉 𝑑 = 𝑓

Stiffness Matrix

Derivation of Constant-Strain Triangular 
Element Stiffness Matrix (Step4)
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𝑘 = 

𝑉

−

𝐵 𝑇 𝐷 [𝐵] 𝑑𝑉

𝑥

𝑦

𝑖: (𝑥𝑖 , 𝑦𝑖)

𝑗: (𝑥𝑗 , 𝑦𝑗)

𝑚: (𝑥𝑚, 𝑦𝑚)

𝑢𝑖

𝑣𝑖 𝑢𝑗

𝑣𝑗

𝑢𝑚

𝑣𝑚

𝑘 = 𝑡 𝐵 𝑇 𝐷 [𝐵] 𝑑𝐴
Constant

𝑘 = 𝐵 𝑇 𝐷 𝐵 𝑡𝐴

𝑘𝑖𝑗 = 𝐵𝑖
𝑇 𝐷 𝐵𝑗 𝑡𝐴 𝑘 =

𝑘𝑖𝑖 2×2 𝑘𝑖𝑗 2×2 𝑘𝑖𝑚 2×2

𝑘𝑗𝑖 2×2 𝑘𝑗𝑗 2×2 𝑘𝑗𝑚 2×2
𝑘𝑚𝑖 2×2 𝑘𝑚𝑗 2×2 𝑘𝑚𝑚 2×2 6×6
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𝑓𝑖𝑥
𝑓𝑖𝑦
𝑓𝑗𝑥
𝑓𝑗𝑦
𝑓𝑚𝑥
𝑓𝑚𝑦

= [𝑘]

𝑢𝑖
𝑣𝑖
𝑢𝑗
𝑣𝑗
𝑢𝑚
𝑣𝑚

Global Nodal Force Vector

Global Nodal Displacement Vector

The Stiffness Matrix 
is also in global 
Coordinate system

Element stiffness 
Matrices can be 
assembles without any 
need for transformation

Summary

• Plane Strain and Plane Stress Formulations were derived.

• CST Element was defined and the displacement functions were 
extracted.

• Stiffness matrix for CST element was derived.
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