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Motivation

• Beam Element

• Solid Mechanics
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FEM

𝐸, 𝐼

𝑤(𝑥ො)𝐸𝐼
𝑑ସ𝑣ො

𝑑𝑥ොସ
= −𝑤(𝑥ො)

𝑣ො 𝑥ො = 𝑎଴ + 𝑎ଵ𝑥ො + 𝑎ଶ𝑥ොଶ + 𝑎ଷ𝑥ොଷ

Is not a suitable answer for 
this differential equation

How can we get a reasonable result from FEM for 
this type of loading?

How can we replace the distributed load by nodal forces?
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The reactions on this beam 
under uniform distributed 
load can be obtained using 
symmetry + statics 
equilibrium relations:

Work-Equivalent Method

Work-Equivalent Method

• Replace a distributed load by a set of discrete loads 
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work done by nodal loads 𝑓መ௜௬ and 𝑚ෝ௜ in going through nodal 

displacements 𝑑መ௜௬and 𝜙෠௜ for arbitrary nodal displacements.

work of the distributed load 𝑤(𝑥ො) in going through the 
displacement field 𝑣ො(𝑥ො)

𝑤(𝑥ො)

𝑣ො(𝑥ො)

𝑚ෝଵ, 𝜙෠ଵ 𝑚ෝଶ, 𝜙ଶ

𝑓መଵ௬, 𝑑መଵ௬ 𝑓መଶ௬, 𝑑መଶ௬𝑊ௗ௜௦௧௥௜௕௨௧௘ௗ = න 𝑤 𝑥ො 𝑣ො 𝑥ො 𝑑𝑥ො
௅

଴

𝑊ௗ௜௦௖௥௘௧௘ = 𝑓መଵ௬ 𝑑መଵ௬ + 𝑚ෝଵ 𝜙෠ଵ + 𝑓መଶ௬ 𝑑መଶ௬ + 𝑚ෝ ଶ 𝜙෠ଶ

𝑊ௗ௜௦௧௥௜௕௨௧௘ௗ = 𝑊ௗ௜௦௖௥௘௧௘



٢۵/٠٣/١۴۴٢

٣

Example

Chapter 3: Bar Element, By Maryam Mahnama, PhD۵

𝑤

1 2
𝑚ෝଵ, 𝜙෠ଵ 𝑚ෝଶ, 𝜙ଶ

𝑓መଵ௬, 𝑑መଵ௬ 𝑓መଶ௬, 𝑑መଶ௬

න 𝑤 𝑥ො 𝑣ො 𝑥ො 𝑑𝑥ො
௅

଴

= 𝑓መଵ௬ 𝑑መଵ௬ + 𝑚ෝଵ 𝜙෠ଵ + 𝑓መଶ௬ 𝑑መଶ௬ + 𝑚ෝଶ 𝜙෠ଶ

න 𝑤 𝑥ො 𝑣ො 𝑥ො 𝑑𝑥ො
௅

଴

= න 𝑤 [𝑁]{𝑑መ}𝑑𝑥ො
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3
2𝜙෠ଵ + 𝜙෠ଶ −

𝐿ଶ𝑤

2
𝜙෠ଵ
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= −
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2
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12
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12
𝜙෠ଶ

𝑓መଵ௬ 𝑓መଶ௬𝑚ෝଵ 𝑚ෝଶ
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Effect of Traction Force

Effect of Concentrated Force
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Equivalency with MPE approach

• Recall from definition of traction force by minimum potential energy 
approach
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𝑓መ௦ ≡ ඵ 𝑁௦
் 𝑋෠௦ 𝑑𝑆

ௌభ

𝑓መ௦
்

{𝑑መ} ≡ ඵ 𝑁௦
் 𝑑መ   𝑋෠௦ 𝑑𝑆

ௌభ

𝑊ௗ௜௦௖௥௘௧௘

𝑣ො(𝑥ො) 𝑤(𝑥ො) 𝑊ௗ௜௦௧௥௜௕௨௧௘ௗ

Summary

• In FEM we need to replace a distributed load by nodal forces.

• For this purpose we can use the equivalency of work done by 

distributed force to the work performed by replaced nodal forces.

• This approach yields the same result as the one obtained by minimum 

potential energy approach.
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