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Higher-Order Shape Functions

additional nodes to the sides of the linear element.

Advantages Complexities :>

Curved boundary
conditions

Higher-order strain
variations

. Higher
Convergi"rc:e"r“’l‘sh Computational costs
fewer ele
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* Higher-order element shape functions can be developed by adding

higher-order strain
variations within
each element

Faster convergence
to the exact
solution with fewer
elements

Getting curved
boundaries of

irregularly shaped
bodies
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Three-noded Linear Strain Bar
|Isoparametric Element
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Arectangular elementwithh = b =1
The shape functions as well as stiffness
matrix are known for this element.

Transformation

Mapping

Isoparametric Formulation of the %
Quadrilateral Element Stiffness Matrix

(x1, 1)

> X
4-node Quadrilateral Element

We should obtain some expressions to
map (x,y) into (s,t) coordinate system.
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Isoparametric Formulation of the

* Step 1: SeIe:ct Element Type

Quadrilateral Element Stiffness Matrix (step1)

t
-1 11D
4 3
s
Transformation
Mapping
1 2
(-1,-1) 1,-1
X =a; +axs+azt +ayst 4 BCs in both

directions

Yy = as +a65+a7t+a85t
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(=1,-1) & (x1,¥1)
( L,-1) < (x2,¥2)
( 1,-1) < (x3,¥3)
(=1,-1) & (x4,¥4)

Gaussian Quadrature

o

* How can one evaluate the integral

V1

«+—Area=2y,

X

1 v
1 =f ydx = 2y(0)
-1 1

one-point Gaussian quadrature

It is only needed to evaluate the function at one point

* This formula can be generalize as
= Weighting

1 n
I = f ydx = ZE" Value of function
-1 i=1

at sampled point

It is needed to evaluate the function at n points
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Gaussian Quadrature

Gauss’s method chooses the sampling points so
e The rules of Gaussian Quadratu re: that for a given number of points, the best possible

accuracy is obtained.

1. Sampling points are located symmetrically with respect to the center of

the interval.
2. Symmetrically paired points are given the same weight W;
Number . Associated
of Points Locations, x; Weights, W;
1 x; = 0.000... 2.000
X1,X2 = +0.57735026918962 1.000
3 x1,x3 = +0.77459666924148 % =0.555...
x> = 0.000... %:0.888...
4 x1,x4 = £0.8611363116 0.3478548451
X2, x3 = +0.3399810436 0.6521451549
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Gaussian Quadrature

* Note: Gaussian quadrature using n points (Gauss points) is exact if
the integrand is a polynomial of degree 2n — 1 or less.

In using n points, we effectively replace the given function y = f(x) by a polynomial

of degree 2n — 1. The accuracy of the numerical integration depends on how well the
polynomial fits the given curve.

:> If the function f(x) is not a polynomial, Gaussian quadrature is inexact,
but it becomes more accurate as more Gauss points are used.
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* We want to know how the x;s and W;s
are obtained in Gauss’s method:

1= [y, R ATDE T 2 v 2o
-1

There are four unknowns

= We assume a cubic function foryas y = Cy + C;x + Cox?% + C3x3

1 1
A= f ydx = f Co + C1x + Cox? + C3x3 dx = Wyy(xy) + Waoy(xy)
-1

-1
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Two-Point Gaussian Quadrature

1 1
2
A=] ydx=] C0+C1x+C2x2+C3x3dx=2C0+§C2
-1 —

* According to Gauss’srulesW; =W, =W andx; = —x, = a
* The area predicted by Gauss’s formula is
Ag =W y(a) + W y(—a) = 2WCy + 2a’WC,
* If theerror,e = A - Ag,is to vanish for any Cy and C,, we must have

1 de
e=2C0(1—W)+ZCZ(§—aZW) ¥=0=>2(1—W)=0 =>W=1
0
d 1 1
x; = —x, = 1/¥3 = 05773 —e=0=>2(——a2W>=0 >a=—
W, =W, =1 0C, 3 V3
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Example

» We want to find the integral I = f_ll[x2 + cos(x/2)]dx by using 3-point
Gaussian quadrature.

Using the table, we have x; = x3 = +£0.77459 and x, = 0. Also W; = W3 = gand
W2 = g SO,

I

P ; _0.77459 E 2 9 E
(—0.77459)“ + cos > rad 9+ (0)? + cos 2rad 5

) 0.77459 5
+1(0.77459)“ + cos > rad 5= 2.585 Loxact = 2.585
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Gaussian Quadrature in 2D

* In two dimensions, we obtain the quadrature formula by integrating
first with respect to one coordinate and then with respect to the
other as

| = fllfllf(s, t)ds dt = J-ll [Z Wif(si.t)] dt =ZW}- [Z Wl-f(sl-,tj)] ZZZWin fsity)
1) 1|4 j i 0.2

* In the case of 4 Gauss points (2%2 Gauss points)

I = WiWif(sy,t1) + WiWaof (51, t2) + WoWi f (g, t1) + WolWof (S2,t2)
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Evaluation of the Stiffness Matrix and
Stress Matrix by Gaussian Quadrature

Read in four Gauss points and weight functions

* Evaluation of the Stiffness Matrix din o s s nd i
1 1
[k] = f f[B(s, )] [D][B(s,t)] h |1(s, t)|dsdt
=il =il

k= B"(s1,t1)DB(s1,11)|L (51, 1) |h W1 W

Lets = s, 1 =1

+ BT (52,2)DB(s2, t2)|J (2, t2) | h W2 W
| Compute|Js 0} Bs. 0,0 |

+ B (s3,13)DB(s3, 3) | (53, t3) | h W3 W3

Compute k = BT h
+ BT (54, t2) DB (54, ta)|J (54, ta) | A W4 W) L onp i lé Dalith_|

[ ]Sle) = .LCM + "SW:WI }—_
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Evaluation of the Stiffness Matrix and
Stress Matrix by Gaussian Quadrature

e Evaluation of Element Stresses

{0} = [D][B(s, )]{d}

There are three ways to compute stress in .
A function of sand t
the element:
1. In practice, the stresses are evaluated at the same For a quadrilateral using 2x2
integration, we get four sets of

Gauss points used to evaluate the stiffness matrix
stress data

2. Itis also practical to compute the stresses at s = t = 0 in the mid-ponit of the element

3. To evaluate the stresses in all elements at a shared (common) node and then use
an average of these element nodal stresses to represent the stress at the node.
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Summary

* Gaussian quadrature is the conventional method of numerical
integration in FEM.

* Employing this technique, the integration is replaced by summation
of the value of integrand at some points times some weightings.

* Employing n Gauss points, the integral can be computed precisely if
the integrand is of order 2n-1.

* Stiffness matrix, force vectors and stress values can be computed
using Gauss points.
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