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Contents of This Chapter T/

* The isoparametric formulation to develop the simple bar element stiffness

matrix.

* Development of the rectangular plane stress element stiffness matrix in

terms of a global-coordinate system.

* The isoparametric formulation of the simple quadrilateral element

stiffness matrix,
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== Rectangular Plane Stress Element (Step1)

Development of Equations for

U3

Uy el
* Step 1: Select Element Type s b uy
Uu > — EEd
* Step 2: Select a Displacement Function ' 4 3 L
* Step 3: Define the Strain/Displacement & Stress > XU
* Step 4: Derive the Element Stiffness Matrix and . 5 i
- IJID'JICILCIIICIIL GIUIIB)’. U\A,_y} T" , Vuz
2 DOFs per node ”;1‘ UJ v,
1
= 8 DOFs in Element: Uy
{d} = ¢ Z; >
V3
Uy
\ V4 )
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== Rectangular Plane Stress Element (Step2)

Development of Equations for

U3

Vs »v
* Step 2: Select a Displacement Function b b U
. hes 4 3
we have two components for displacement: h
* Displacement along x: u(x,y) |::> 4B.Cs . XU
* Displacement along y: v(x,y) =) 4B.Cs h
1 2
ulx,y)=a; +a, +az +as u ¢ T,
UJ 1 Uy
v(x,y) =as +ag +a;, +ag X y
x2 xy y?
x3 xzy xyZ y
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Completeness
Symmetry
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VN 1 ﬁ:
z . Development of Equations for )

Rectangular Plane Stress Element (Step2)

* Proceeding to find a;s, we get:

[ 1 |
ux,3) = 75 (06 = ) - (o)

Uz
4%b+ﬂw+y{}_Yq_1w 0O N, 0O Ny 0 N, o]w
P=Wwi=lo N, 0 N, 0 N; 0 N4{ }

V3

v(x,) = g (b X)( v
L)

+b+x)(h+y
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1\ Development of Equations for o
== Rectangular Plane Stress Element (Step3) S

* Step 3: Define the Strain/Displacement & Stress/Strain Relationships

Ju

€, dx
{dz{@}z o 6 = gl =+ (= + (0 Y = Gt ]
)| yav € = %—h[ (b—x)v; — (b +x) vy + (b +x)vs + (b — X)v,]
3y Vo) || vy =gz [=(b = 0w = (h=y)vs + o+ (b = )uy — (b + Y)vi]
L=y 0 -y 0 Gty 0 —(i+y) 0
Bl=—| o0 —(b—x) 0 ~(b+x) 0  (b+x) 0 (b-x)

Whi_h—x) —(h—y) —(b+x) (h-y) G+x) (h+y) (-2 —(h+y)
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Development of Equations for .f

Rectangular Plane Stress Element (Step4)

* Step 4: Derive the Element Stiffness Matrix and Equations

b h
The stiffness matrix is obtained [k] — f f[B]T[Dj[B]tdy dx

in global coordinate system.
—b -h 1 I——> Function of x and y

According to the state of
plane stress/plane strian It is hard to obtain the stiffness

matrix analytically, so numerical
integration schemes are employed.
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Defects of Rectangular Element Y/

* Bilinear rectangle element described in this section also cannot
provide pure bending.

* When this element is subjected to pure bending, it also develops false
shear strain. (Shear Locking)

* In a pure bending deformation, the bending moment needed to
produce the deformation is predicted to be larger than the actual
value when modeling with the rectangular element.

* The higher order eight-noded quadratic rectangle has been
developed to overcome shear locking.
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(-1,1) ‘ (1,1)
4 3
S
1 2
(-1,-1) 1,-1

Arectangular elementwithh = b =1
The shape functions as well as stiffness

A0k Isoparametric Formulation of the
=5 Quadrilateral Element Stiffness Matrix

%

Transformation
Mapping

(x1, 1)

> X
4-node Quadrilateral Element

We should obtain some expressions to
map (x,y) into (s,t) coordinate system.

matrix are known for this element.
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ii Isoparametric Formulation of the

=5 Quadrilateral Element Stiffness Matrix (stepi)

* Step 1: SeIe:ct Element Type

=11 11
®
4 3
y
s
Transformation
Mapping

1 2

(-1,-1) 1,-1

X =a; +azs+azt +ayst 4 BCs in both

directions
Yy = as + AgS + a7t + agst
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%

(=1,-1) & (x1,¥1)
( L-1) < (x2,¥2)
( 1L,-1) < (x3,¥3)
(=1,-1) & (x4,¥4)
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Isoparametric Formulation of the

Quadrilateral Element Stiffness Matrix (step1)

X = 1[(1 —sS)A -+ A +s)A -y + (A +s)A+ x5+ (1 —5)(A + t)xy]

4
1
y = Z[(l - A -y + (A +s)A =)y, + (1 +s)A +)ys + (1 —s)(1 + t)y,]
R
Bz

1
Ny=21-95(1-0)

X2

{x}_ N, O N, O N3 O N, OHYZ} N2=%(1+s)(1—t)

yy7L0O Ny 0 N, 0 N3 0 Ngf)*s 1
’s Ny =71 +9)(1+0)
1
U Ny=3(1-)1+1)
Ya 4
Bilinear shape function similar
to that of rectangular element
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"
3
st 1
w1 N, —%(1—3)(1—0
4 4 3 3 NZ:Z(1+S)(1_t)
1
. s Ny=2(1+5)(1+0)
1
. L S Ny =2(1-9)(1+0)
Ni(—1,t) 1 (-1,-1) 1,-1) Ny(1,¢) -
1 20
1
N1 (S, —1)
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V2w . .
\ Isoparametric Formulation of the
L_i_?,; P

=8 Quadrilateral Element Stiffness Matrix (Step2

* Step 2: Select a Displacement Function
According to Isoparametric formulation:

AT

ol

1
Ny=70-5(1-9)
1
NZ =Z(1+S)(1_t) _ Nl 0 NZ 0 N3 0 N4, 0

W ={,) =% N, O N, 0 Ny 0 N,

Ny =%(1+s)(1 +t)

N, =%(1—s)(1+t)

()

U1

U;

jiaf

V3

)
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V2w . .
\ Isoparametric Formulation of the
L_i_?,; P

=89 Quadrilateral Element Stiffness Matrix (step3)

Shape functions are in terms of natural coordinates, not x and y
Strains can be derived from derivatives w.r.t global coordinates
= we need to use chain rule

af odfox ofady of 9y ox Oof
ds ~0xds ayads gs 05 gs o
CoeTeeE of ol |ox of
af ofdx of dy g_f_ gt gt a_fz gt gt
9t 9xot T ovot o x 0y Y ||ex 9y
dt o0xadt 0dyoaot 35 7% 35 75
f can be u or v displacement ox dy ox 0Jy
functions, that we need to get ot ot Jat ot

their derivatives w.r.t x and y [J]: Jacobian matrix of transformation
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* Step 3: Define the Strain/Displacement & Stress/Strain Relationships

%
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{e} = [B]{d}
[00)
€ 6x a(())
o= 0 Sl
720 20
[ 0y  Ox |

>

dx |1|

a0) 1 (9xa()
9y |]| <65 ot

20 i(aya()

at s

aya()

dxa()

T 9t ds

ds ot

)
)

Isoparametric Formulation of the
Quadrilateral Element Stiffness Matrix (step3)

ayo() aya(Q)

dt ds ds Ot

1
= 0

|l| dxa() adxo()
ds dt 9t ds

0

dxa() dxa()
ds 0t ot ds
dya() aya()

dt ds 0ds odt |

=[N]{d}
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[D’]: Operator matrix

=|[D'1[NJ{d}

B(s, 0] = [B B, Bs Bil
|/

&:

0

a(N;s) — b(Ny;)

0
c(Niz) —d(Nis)

c(Nit) —d(Nis)  a(Nis) — b(Niy)

a=§(s— 1) +r2(=1=9) +y3(1+ ) + a1 - 9)]
b=5[n(t—1)+y(l =) +ys(1+ 1) + ya(=1 1)
e=ka(t—1)+x(1 - ) +x3(1 + 1) + xa(—1 = 1)]
d=1xi(s—1)+x2(=1—5) +x3(1 +5) + x4(1 — 5)]

4
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Isoparametric Formulation of the
Quadrilateral Element Stiffness Matrix (step3)

0 1-t t-—s
1 _ _
|1|=_{XC}T| st—tl —50—1 s+01 sty
L |1—-s s+t —-t-—-1
'

[X1 X2 X3 X4]

Vi Y2 ¥3 Y4]L

{0} = [D][B]{d}
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Isoparametric Formulation of the

Quadrilateral Element Stiffness Matrix (step4)

* Step 4: Derive the Element Stiffness Matrix and Equations
The expression for stiffness matrix is

. 11
[k] = J (BI(D][B] h dx dy |:> [k] = f [(BY](p1(B] 1| | ||dsat
Functions of sand t, not xand y = _Flunctions ofsandt

It is hard, if possible, to solve this
integral analytically. So, it should
be solved numerically.
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Calculation of Body Force in \f
|Isoparametric Formulation |

(x3,¥3)
* The general expression for body force is (Xa) Va)

{Xp}

th = [[[ ey av = [ [inrex,hdxay

1 1
|:> {fb}=jJ[N]T{Xb}h|[|dsdt
-1-1

X} should also be expressed in terms of s and t

(x2,52)
(x1, 1)

Like the stiffness matrix, the body-force
matrix has to be evaluated by numerical
integration.

Chapter 9: Isoparametric Formulation, By Maryam Mahnama, PhD




YY/ O/VFFY

13 Calculation of Surface Force in "
= (x3,¥3) .

== |soparametric Formulation(

X4, Y1)
* The general expression for body forceis y

) = f [N,17 (X} dS

(x2,¥2)
1 (x1/f1)/ ////x {Xp}
L ‘ >
IZ> i} = j [Ns" (X} h—*ds :
=1 4 3
fs1x J[N: O s
|:> fs1y =f 0 Ny|[(Xsx) |, Laz -
fs2x 2 N, O Xsy 2 1 2
sty 0 NZ Evaluated at t=-1
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Summary g%

* Using conventional FEM, expressions for shape functions and stiffness
matrix was developed for rectangular element.

* I[soparametric formulation is introduced to map a general
guadrilateral 4-node element into a rectangular element in natural
coordinate.

* Employing coordinate transformation relations, the integral in global
coordinate system can be transformed in natural coordinate.

* Expressions for [k], [B], {f} can be obtained easier by Isoparametric
formulation.
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