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Chapter 6: 2D Elements
Constant-Strain Triangular Element
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Introduction to 2D Elements

* 1D Elements: only one local coordinate is enough to describe the
positions in the element. = Also called Line Elements

* 2D Elements:
* Two coordinate are required to describe the positions in the element.
* Defined by three or more nodes in a 2D plane.
* Compatibility at common nodes and edges.

* How can a physical 3D problem be described in 2D?
* Plane Stress
* Plane Strain
* Axisymmetric
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Plane stress

* A state of stress in which the normal stress B
and the shear stresses directed perpendicular

y X
to the plane are assumed to be zero: 7‘71’%_'
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Plane Strain

* A state of strain in which the strain normal to the x-y plane

€, and the shear strains y,, and y,,, are assumed to be zero.
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Plane Stress vs. Plane Strain

Plane Stress:

Yxy

& v
H i_E
Tay 1—v2 0
Oy [D] for Plane stress
Oy
{Txy}

Plane Strain:
1-—v v 0 e
_| E v 1-v 0 ex
= _ 1-2v|[). Y
A+v)A-2v) 0 0 . Yoy

[D] for Plane strain

Yxy
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Derivation of Constant-Strain Triangular %'

Element Stiffness Matrix :

Plane Stress Assumption
Comp one
dimen aller
tha rs

i
T

N

Constant-Strain Triangular Element
(in Plane Stress case)
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Derivation of Constant-Strain Triangular
Element Stiffness Matrix (Step1)

m: (Xm, Yim)

Sd

* Step 1: Element Type
The simplest shape in 2D is a triangle Y

No of nodes: 3 % u;

. Ji (g 95)
In 2D we have two components for displacement:
* Displacement along x: u(x, y)

* Displacementalong y: v(x,y)

i u
& (i yi)

X

Labeling of the nodes should obey a
specific standard: Labeling is always

2 DOFs per node v; done in counter-clockwise direction

= 6 DOFs in Element: {d} =
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Derivation of Constant-Strain Triangular
Element Stiffness Matrix (Step2)

m: (Xm, Yim)

* Step 2: Select Displacement Functions

we have two components for displacement: Y
* Displacement along x: u(x,y) =) 3B.Cs i u;
* Displacement along y: v(x,y) = 3B.Cs " J: (%))
i (X3, Y1)
u(xy) =a; +a; +az ' *
v(xy) =a, +as +ag a1
a;
) = u(x,y) ={a1+a2x+a3y}=[1 x y 0 0 0])as
v(x,y) as+asx+agy 0 0 1 x yl|aa
as
Qe
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Derivation of Constant-Strain Triangular
Element Stiffness Matrix (Step2) o

m: (Xm, Yim)

* Boundary Conditions are

u; (1 % yi|fa ¢ Y
u]‘ =|1 x] y] a, us
Um 1 xpn Ym|f93 » Y e V)
| i i J: (X,,;V;)
{u} _ [x] _ {a} = {u}=[xl{a} i D) N
v 1 % yil(ay ={a}=[x]""u}
{Vj =[1 % vy ias 1@ B w ‘ a; = XYm — XmYj
Um |1 X Ym|\% [x]" = n a | B v & = XmYi — XV
(@m Bm |¥Ym ‘ Am = XiYj — XYi
a B vl =
24 = a@; ﬂj ¥ ﬂi_Yj_ym Yi = Xm — Xj
Tm Bm ¥m Bj =ym =i Vj =X~ Xm
B = Yi —¥j Ym =%~ X%
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Derivation of Constant-Strain Triangular . é

Element Stiffness Matrix (Step2) o

m: (Xm, Yim)

* Boundary Conditions are

' ] - - y
Ui 1 x Vi | (M a; 1 a; ﬂi Yi u;
u'j =11 Xj Yj az Az = ﬁ a; ﬂ] Yj Uj
Um _1 Xm  Ym] as as | T Bm Ym] Um

v; [1 % yi|(aa ay 1 (o B vi|(vi
Vi = 1 Xj Vi as ast = ﬂ aj ,B] YJ 17]'
Um _1 Xm Ym] ae Qe | Am ,Bm ¥Ym] Vm

a;
{futx,y)} ={a; +ax +azy} =[1 x ] {az}
as

Il
—

=

=
<
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Shape Functions
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Derivation of Constant-Strain Triangular
Element Stiffness Matrix (Step2) o |

{u(alc,y)} o
iy
=54 (@i + Bix + Yi)’)|ui Ni(xy) =1 y
1 N; X, N; Xi, Vi) = 0
+ ﬁ(“j +Bjx + Yﬁ’)l“i}( g )
N, Ni (X, Ym) = 0
1 m(x»y)
+ ﬂ(am + ﬂmx + YmY ) Um

v, »)}
1 Ni(x,y) Uu;
5 ﬁ(ai + Bix + vyl v,
1 N;(x,¥) ) = u@,y)| |INi 0 Ny 0 Ny 0]y
122 (o + Bx + vy}, v(x,y) 0 Nij 0 N; 0 Npl|]Vy
1 Nm (x’ y) um
y 24 (@ + Brx + YimYYVm [N]: Shape Functions Matrix Um
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1
Ni(x,y) = 50 (a; + Bix +v;y)

1
Ni(x,y) = ﬂ(aj +Bjx +v;y)

Derivation of Constant-Strain Triangular
Element Stiffness Matrix (Step2)

Rigid-Body Displacement
Rigid-Body Rotation

Related to Completeness

of Displacement Function

Bi=yi—» py——
1 ﬂl, _ y] _;n_ Vi _ Xm = Xj Completeness: Lower-
Ny (x,y) = ﬂ(“m + BmX + Ymy) S V=X ‘__x"f order terms should not
I ' Bn =yi = Ym =X = X be eliminated in favor of

higher-order terms in
displacement function.

1
N; + N + Ny, = ﬁ[(ai%) + (Biy/ﬁm)x + (yi%)y] =1
0 0

A = Xj¥m — Xm)j 2A

& = XnYi — XiYm a B vi
Um =Xy —%Y;  24=|a; B;
Am Pm Ym
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Derivation of Constant-Strain Triangular
Element Stiffness Matrix (Step3)

* Step 3: Define Strain/Displacement and Stress/Strain Relationships

ou ou 0 ou 0
a a = a (Niui + Nju]' 2P Nmum) @ = a (Nl-ui + Njuj + Nmum)
€x ov
{e}=1¢6 = i ou 1 Ju 1
v dy 3% - 24 (Biu; + Bjuj + Brmtim) 3y 24 viwi +vjuj + YmUm)
Y ou N v
@ a av 6 LAL 1 AL v —
u; vj + Npvn) @ = 9 (N;v; + Njv; + Npvm)
. ; 4] v 1
Bi 0 ,[)’] 0 B O uj Vi + BmVm) @ =21 (yivi +vjvj + YmVm)
{E}=ﬂ 0y 01 9 ¥m Y Elements of [B tant = Strain d
i Bi Vi Bi VYm Pm ements of [B] are constan rain does
: J J Um not vary within the element. = It is called
[B] U Constant-Strain Triangular (CST) Element
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Derivation of Constant-Strain Triangular
Element Stiffness Matrix (Step3)

{d;}
{e} =1[[Bd [Bj] [Bml]J {d;}
{dm}
51~ |0 O‘ 5] =+ f f‘w] LI yﬂ
il =57 Vi i1 =57 J ml = 57 m
24 Yi B b Yi B 24 Ym Pm
Ox €x Elements of [B] are constant = Stress does
{o} = {Uy} = [D]+ Ey} = [D][Bl{€e} not vary within the CST element.
Txy Yy
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Derivation of Constant-Strain Triangular
Element Stiffness Matrix (Step4)

* Step 4: Derive the Element Stiffness Matrix and Equations

Minimum Potential Energy Approach

Potential Energy is function of element DOFs:

o2ffrom o=y

[B]{d}

7Tp = np (ui; Vi, uj: Uj, Um, vm)

m,=U+Q,+ 05+ Q,
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Body Forc

[N]{d}
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}T{Xb} av Q5=
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-Qp _{d}T{P}

: l | {lfs}T{xs}ds

Surface Force

[Ns]{d}

Nodal Force
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Derivation of Constant-Strain Triangular . é

Element Stiffness Matrix (Step4)

V= W NP} av + f f [N17{X;}dS + {P}é

Definition:

omy

, =%{d}TW[3]T{D][3] av {d} — {d}" {f} E> m=fff[B]T[D][B] v {d}— (f} =0
\%4

j [ By io1m dV{d} = ()

............................... ! Stiffness Matrix
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Derivation of Constant-Strain Triangular
Element Stiffness Matrix (Step4) o |

m: (Xm, Yim)
= fff [B]"[DI[B] &V y

u;
. J: (g, 95)
= tff D][B]dA HETRD)
Constant ' x
—[RIT
[k] = [B]"[D][B]tA [kiil2x2 [kij]ZXZ [kim]2x2

(k] = B DIBJea | K1 =| kil  [Hily,  [Kiml,,,

[kmi]2x2 [kmj]2><2 [kmm]zxz

6X6
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Assembling Constant-Strain Triangular
Element Stiffness Matrices (Step5s)

ﬁx ul
fiy vl
fix Uj ) X .
{ > = [k] v The Stiffness Matrix Element stiffness
fiy J is also in global Matrices can be
fmx Um Coordinate system assembles without any
f Um need for transformation
my
Global Nodal Displacement Vector

Global Nodal Force Vector
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Summary

* Plane Strain and Plane Stress Formulations were derived.

* CST Element was defined and the displacement functions were
extracted.
* Stiffness matrix for CST element was derived.
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