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* Definition of Linear-Strain Triangular (LST) Element
* Displacement Function for LST Element

e Strain Calculation in LST Element

* Derivation of Stiffness Matrix

* An Example Case
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Derivation of Constant-Strain Triangular
Element Stiffness Matrix (Step1) =

* Step 1: Element Type

The simplest shape in 2D is a triangle Y
No of nodes: 6
In 2D we have two components for displacement:
* Displacement along x: u(x,y)
« Displ tal . {ul} Labeling of the nodes should obey a
Isplacement along y: v(x' y) dl’r U1 specific standard: Labeling of vertices
2 DOFs per node d2 is_always done in counter-clockwise
d direction. Then the nodes on the base
= 12 DOFs in Element: {d} = d3 \ in front of each vertex is labeled.
4
ds
\ds
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Derivation of Constant-Strain Triangular
Element Stiffness Matrix (Step2) =

* Step 2: Select Displacement Functions

we have two components for displacement: Y
* Displacement along x: u(x,y) |::> 6B.Cs
* Displacement along y: v(x,y) =) 6B.Cs
u(xy) =a; +a; +az +a, +ag+ag *
1
v(x,y)=a, +ag +ay +a9 +a;; +ag %
ai x2 xy y?
2 2 3 oxty ay? yP
{l//}_{u}_[lxyx xy »» 00 0 0 0 O a |
— = ) 2 ! Completeness
v 000 0 0 0 1 x y x> xy y : Symmetry
ann
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Relation between Type of Triangular
Element & polynomial Coefficients

1 )
1
5 Y Quadrilateral 6
x2 xy y?
1
X
xz xyy yz Cubic 10
X3 x%y  xy? y3

Chapter 8: 2D Elements-Linear-Strain Triangular Element,
By Maryam Mahnama, PhD

CST
LST

QsT

Derivation of Constant-Strain Triangular
Element Stiffness Matrix (Step2)

Ug 1 X6 )6 xé X6)6 yé 0 0 0 0 0 0 dg :

al
_”__1xyx2xyy2000000}az g
w={ s ey Ty kel W=
[M”] {aj 222
i (1 x 1 xf X1 yf 0O 0 0 0 0 0] a _ -1
u; 1 x» y»» x3 xo»»p »» 00 0 0 0 0 a; {a} - [X] {d}

e 0 0 o et @l Gy =|[M7][X] )
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Derivation of Constant-Strain Triangular .

Element Stiffness Matrix (Step3)

* Step 3: Define Strain/Displacement & Stress/Strain Relationships
ou

o In this element, the strain is a linear function
Ex ov of x and y. That is why we call this element as
(e} yeyy =) oy “Linear-Strain Triangular Element”
* ou 0
Lo e} = M'] {a}
Linear function of xand y Cor;sltant {a} - [X] 1{d}
01 02x » 0 0 OO O O O ey =M’ d
{8}|:0000000010x2y “ e} = [%][]{}
001 0 x 2y 01 0 2x y 0 : {E}—[B] {d}
[M] (- = d
{0} = [D][B] {d}
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Derivation of Constant-Strain Triangular .

Element Stiffness Matrix (Step4)

e Step 4: Derive the Element Stiffness Matrix and Equations

[Kkl12x12 =ff [B]£x12[D]3x3[B]3x12dV

Linear function of xand y |4

I:ﬁloﬂzoﬁ3oﬁ40ﬁsoﬁ60

[B]:O 0 » 0 5 0 y 0 95 0

71. 72) B 3 Bz va Ba s Bs ve P
Functions of x and y as well as nodal coordinates

It is very cumbersome to obtain stiffness matrix in explicit form

24

‘ The integration is best carried out numerically ‘
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* Obtain the stiffness matrix for LST element:
* First we need to find shape functions:

u(x,y) = a; +ayx +azy + a,x? + asxy + agy?

wy = u(0,0) = a

s = u(h,0) = a, + ash + ash*

1(0,0)

w3y = u(0,h) = a) + azh + agh?

4u(, - 3u1 — Uy

4u573u17u3
a@3w=—-"
b } h

w4 ug — us — ug)

(b oy b h b\’ bh hy? a=uw  a=
Ug = u 55 —(l|+(.'2§+a3§+(l.-j 5 +(IST+CI(3 5
~ 2uy — 2ug +uy)
h n\? a“= b2
us = u(O E) ap +a3 +u6 3)
= 2(u372u5+u1)
= =

b

2
a [45 [} o
) 1+ + 4 7)-.Im|)t¢:| 2: 2D Elements-Linear-Strain Triangular Element,

(h
l!ﬁ =ul=

I\J
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Example Problem

4ug — 3uy — up 4us — 3uy — w3 2uy — 2ug +uy)] »
4(uy + us — us — ug) 2(uz —2us +ur)] 5
+ [ bh v 2

b h b?

N [4(01 +v4 — v5 — Us)] i [2(1;3 —}22205 + vl)]yz

o gyl [41)6 —3p; — vz]x n [41)5 —3v; — v3]y L [2(1)2 — 2u6 + vl)] 2

bh
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Example Problem

Ne¢ O
0 Ns
O,h)
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IE

Ue
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2 % y
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Example Problem

¥1 = (2A)Ny, = —3b + 4x + 4by/h
Y2 = (2A)N,, =0

ys = (2A)N3,, = —b + 4by/h

Ya = (QA)N,, = 4x

¥s = (2A)Ns,, = 4b — 4x — 4by/h
Y6 = (2A)Ng, = —4x
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Example Problem

¥1=2AN,, = —3b + 4x + 4by/h
Y2 = (ZA)NZ,y =0

¥s = (2A)N3,, = —b + 4by/h

Vs = (ZA)N4,y =4x

¥s = (2A)Ns,, = 4b — 4x — 4by/h
Y6 = (ZA)NG'y = —4x
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* For a given number of nodes, a better representation of true stress
and displacement is generally obtained using the LST rather than CST.

e In the case of pure bending, LST does not induce fictitious shear.

Comparison of CST & LST T/
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e Plane Strain and Plane Stress Formulations can be used for LST
Element.

* LST Element was defined and the displacement functions were
extracted.

* Stiffness matrix for LST element can be derived using numerical
integration.
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